We develop a resummed thermodynamic perturbation theory for bond cooperativity in associating fluids by extension of Wertheim's multi-density formalism. We specifically consider the case of an associating hard sphere with two association sites and both pairwise and triplet contributions to the energy, such that the first bond in an associated cluster receives an energy −ε
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We develop a resummed thermodynamic perturbation theory for bond cooperativity in associating fluids by extension of Wertheim's multi-density formalism. We specifically consider the case of an associating hard sphere with two association sites and both pairwise and triplet contributions to the energy, such that the first bond in an associated cluster receives an energy −ε (1) and each subsequent bond in the cluster receives an energy −ε (2) . To test the theory we perform new Monte Carlo simulations for potentials of this type. Theory and simulation are found to be in excellent agreement. We show that decreasing the energetic benefit of hydrogen bonding can actually result in a decrease in internal energy in the fluid. We also predict that when ε (1) = 0 and ε (2) is nonzero there is a transition temperature where the system transitions from a fluid of monomers to a mixture of monomers and very long chains. 
I. INTRODUCTION
The hydrogen bond is a fundamental interaction whose influence is felt throughout all areas of science. Hydrogen bonding is responsible for the remarkable properties of water, 1 folding of proteins 2 and has been extensively employed in the supramolecular assembly of synthetic polymers. 3 The distinguishing features of the hydrogen bond (we will interchangeably use association) are that it is short ranged and anisotropic resulting in bond saturation. Wertheim [3] [4] [5] [6] [7] incorporated these general features of the hydrogen bond into a rigorous statistical mechanical formalism by introduction of a multi-density approach where each bonding state of a molecule was treated as a distinct species and assigned a density. This approach allowed Wertheim to regroup the resulting cluster expansion in such a way that bond saturation was naturally and exactly included in the theory. Wertheim's multi-density approach is typically applied as a perturbation theory 8 with a hard sphere reference fluid. In first order (TPT1) each association site is treated independently resulting in a simple equation of state 9 which has been extensively employed as a model for hydrogen bonding fluids in both academia and industry. 10 In addition to homogeneous fluids, Wertheim's theory has also found widespread application to interfacial fluids in the form of classical density functional theory.
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A major assumption, which lays the foundation of Wertheim's approach, is that hydrogen bonding is pairwise additive, there is no cooperativity. However, as has become increasingly apparent in recent years, hydrogen bond cooperativity plays a significant role in many physical processes. Both hydrogen fluoride (HF) 12 and alcohols 13 have been shown to a) Author to whom correspondence should be addressed. Electronic mail: bennettd1980@gmail.com exhibit strong hydrogen bond cooperativity. In addition, hydrogen bond cooperativity has been shown to stabilize peptide hydrogen bonds 14 and has recently been implicated 15 in the anomalous low temperature phase behavior of water.
To account for bond cooperativity in an equation of state a number of lattice theories 16, 17 have been developed. In an alternative approach, Sear and Jackson (SJ) 18 considered a potential model of a 2 site associating fluid where the first bond in an associating cluster was given an association energy −ε (1) and each remaining bond was given an association energy −ε (2) . This model approximates chains of hydrogen bonds in HF, where it has been shown that the binding energy per hydrogen bond decreases as cluster size increases. This continues until a chain length of approximately six, at which point the bond energy stabilizes as chain length increases. 12 Using this model SJ 18 developed a theory in the associating ideal gas limit and then used this ideal form of the theory to construct, in an ad hoc fashion, the equation of state at higher densities. This theory has never been validated against molecular simulations and the effect of varying the magnitudes and ratios of the energies ε (1) and ε (2) was never extensively explored. For instance, do spheres associate when ε (1) is small and ε (2) is large? With the wide ranging success of Wertheim's multidensity approach in modeling bulk and interfacial hydrogen bonding fluids which exhibit pairwise additivity, it would be prudent to incorporate hydrogen bond cooperativity into the formalism. The purpose of this paper is threefold. First we will extend Wertheim's multi-density formalism to account for bond cooperativity. As a first step we will consider the same two site case considered by SJ. 18 We derive the theory in an intuitive manner using a resummed perturbation theory where we consider bond cooperativity as a perturbation. Second, we will test this new theory and the theory of SJ against Monte Carlo simulation results, and third we will discuss extensions of the theory to other, more complex, systems.
II. THEORY
In this section we develop the resummed thermodynamic perturbation theory for bond cooperativity in two site associating fluids with a single type A and type B association site. We restrict association such that there are AB attractions but no AA or BB attractions. We follow SJ and consider a fluid composed of N P hard spheres of diameter d with two association sites A and B with a total energy composed of pairwise and triplet contributions,
as (ij )
where (1) = { r 1 , 1 } represents the position r 1 and orientation 1 of sphere 1 and φ HS is the hard sphere reference potential. The terms φ (2) as (ij ) and φ (3) as (ij k) are the pairwise and triplet association contributions and are given by
where O AB (ij) is the overlap function which, in this paper, we obtain using conical square well association sites [19] [20] [21] O AB (ij ) = 1 r 12 ≤ r c and θ A ≤ θ c and θ
which states that if spheres i and j are within a distance r c of each other and each sphere is oriented such that the angles between the site orientation vectors and the vector connecting the two spheres, θ A for sphere i and θ B for sphere j, are both less than the critical angle θ c the two sites are considered bonded. See Fig. 1 for an illustration. The triplet contribution φ
as serves to add a correction −(ε (2) − ε (1) ) for each sphere bonded twice.
Before considering the case with bond cooperativity, we will review Wertheim's Nth order perturbation theory (TPTN) 8 pairwise additivity assumption is given as
Here T is the temperature, k B is the Boltzmann constant, ρ is the total density, ρ o is the monomer density, and σ A = ρ A + ρ o where ρ A is the density of molecules bonded at only site A. There is a similar relation for σ B . The term V is the system volume and A HS is the free energy of the hard sphere reference system. Finally, c (o) is the associative contribution to the fundamental graph sum. In this paper we will consider associating spheres as shown in Fig. 1 , where the association sites are located on opposite poles of the sphere. Since the separation between sites is large, we can neglect the possibility of ring formation and double bonding. 22 Also, we will consider potential parameters θ c and r c such that multiple bonding of an association site cannot occur due to steric hindrance. In TPTN, c (o) is approximated by considering all chain diagrams which contain a single chain of N or less association bonds and is given as
where c n is the nth order contribution (involves chains of n association bonds) and is given by
The integrals I n are given by
where = 4π (for our axisymmetric case) and the f AB (ij) are the association Mayer functions. Wertheim defines the functions G(1. . . n + 1) as, "the subset of graphs in g(1. . . n + 1) such that combining them with the chain produces an irreducible graph; g(1. . . s) denotes the s particle correlation function of the reference system." 8 This means, for instance, that in a second order perturbation theory the contribution c 2 will include the triplet correlation function g(123), but one must subtract off the contribution from the first order term c 1 to keep from double counting. We then obtain the G(1. . . s) by summing g(1. . . s) and all products of g's obtained by partitioning 1. . . s into subsequences which share the switching point and associating a −1 with each switching point. 8 A few examples include
+ g (12) g (23)g (34) .
The general idea of TPTN is then to build up chains by adding in higher order contributions and subtracting off lower order contributions. What does this have to do with bond cooperativity?
Now we wish to approximate the associative graph sum for fluids which exhibit bond cooperativity as given in Eqs. (1) and (2) . For this case the first bond in a cluster receives an energy -ε (1) , while each remaining bond receives an energy -ε (2) . This is illustrated in Fig. 2 . Wertheim's multi-density formalism, and cluster expansions in general, rely on the assumption of pairwise additivity. To include triplet correlations in the form of bond cooperativity we will construct c (o) in a single chain approximation using generalized Mayer functions. Instead of using TPTN to enforce intra-cluster steric constraints, we will employ an analogous perturbation theory to incorporate bond cooperativity. For the case of a chain which exhibits bond cooperativity as given in Eqs. (1) and (2), one should expect the product of Mayer functions in a chain of length s to bẽ
where we have introduced the Mayer functions f
Since we are considering the two site case with axial symmetry, steric hindrance between sites is small and the correlation functions g(1···s) can be approximated by a linear superposition (no bond angle dependence as in Ref. 22 )
Combining Eqs. (9) and (11) one might conclude that the chain integral I n for this case (similar to Eq. (7) but for bond cooperativity) would be given by
(12) However, Eq. (12) is incorrect due to the fact we did not properly subtract off the lower order contributions to keep from overcounting, as was discussed above in the context of TPTN. To account for this we must subtract off all the ways a chain of n spheres could be created from chains containing m < n spheres. Proper accounting results in the following chain integral:
whereF (1 · · · s) is defined by the same partition properties of G(1···s) with the sole difference being the
AB O AB (12) and
For the general caseF (1 · · · s) we obtain the following relation:
In constructing the chain integrals for the case of bond cooperativity we have essentially made a change of variables as compared to the standard TPTN. In its standard form, TPTN corrects for multi-body (>2) effects in relation to intracluster repulsions by introduction of higher order correlation functions. In the development of Eq. (13), we have assumed multi-body effects associated with intra-cluster repulsions are small, and used an analogous TPTN to correct for multibody effects in the association energies in the form of the association Mayer functions. We have simply switched the roles of intra-cluster attractions and repulsions in reference to higher order corrections to the perturbation theory. The standard TPTN is built on a methodical theoretical footing, where our approach here is intuitive. Further justification of our approach will be given by excellent agreement with simulation predictions.
The form of Eq. (15) allows for a complete summation over all chain graphs. Finally, we write the new fundamental graph sum for an Nth order perturbation theory for bond cooperativity and let the order of perturbation become infinitely large N → ∞ to obtain
is the hard sphere reference system pair correlation function at contact which is obtained using the Carnahan and Starling fitting function. 24 Equation (16) is the central result of this paper and is remarkably simple. We have developed a new perturbation theory where we use perturbations to correct for bond cooperativity. We then allowed the order of perturbation to become infinitely large allowing for a summation over all chain contributions. For the case ε (2) = ε (1) the standard first order perturbation theory 8 is recovered. Using Eq. (16) we can minimize the free energy Eq. (4) with respect to σ B and ρ o to obtain the mass action equations
and
where σ A = σ B due to symmetry. Using Eq. (17) we can simplify the free energy as
Combining (17) and (18) we obtain a closed equation
Equation (20) is similar to the mass action equation obtained by SJ (Eq. (28) (20) is that the exact non-associating limit ρ = ρ o is obtained, while in the approach of SJ this limit is obtained approximately.
A very interesting limit of Eq. (20) is for the case that the energy of the first bond in a cluster is zero ε (1) → 0. For this case we easily find two analytic solutions for the monomer density
For the density parameter σ A there is only a single limit
Equation (23) shows that the density of spheres bonded once is vanishing in this limit, meaning any chains must be very long since there are few chain ends. Since it is unphysical for the monomer density to be greater than the total density ρ o > ρ, Eq. (22) must be the correct solution for the case ρf 
Below the transition point, ε (2) /k B T < (ε (2) /k B T) tr , the fluid is composed of only monomers while after the transition the fluid is composed of a mixture of monomers and very long chains. At first it is surprising that the solution Eq. (21) would exist. However, it is easy to show the genesis of this solution. For the case of small ε (1) the functionF (1 · · · s) will simplify toF ( AB will also vanish with the exception of the case of an infinitely long chain whose contribution to c (o) is given by
The limit in Eq. (25) is evaluated as
which shows that for f (2) AB ρ o being infinitesimally larger than 1, the limit diverges. This diverging limit tames the vanishing f (1) AB resulting in a finite c ∞ and the solution of the monomer density given by ρ o = 1/f (2) AB . As will be shown in Sec. IV, the very simple relations given by Eqs. (21)- (24) are surprisingly accurate.
To make specific comparisons with simulations, now for ε (1) > 0, we will need monomer fractions
and the fraction bonded at both sites
Finally the excess internal energy is obtained as
where β is the inverse temperature β = 1/k B T.
III. SIMULATIONS
To test the theory we perform new Monte Carlo simulations in the canonical ensemble for molecules which interact with the potential given by Eqs. (1)-(3). We choose potential parameters θ c = 27
• and r c = 1.1d such that each association site is singly bondable and place the sites on opposite poles of the sphere (see Fig. 1 ). The simulations are performed using standard methodology. 25 The simulations were allowed to equilibrate for N p × 10 6 configurations and averages were taken over another N p × 10 6 configurations. A trial configuration was generated by displacing and rotating a sphere. For each simulation we used N p = 864 associating hard spheres. While in general having triplet contributions to the system energy can significantly increase computation time, for the current potential we simply needed to keep track of the number of spheres bonded twice, which added little computation time as compared to the pairwise additive system.
IV. RESULTS
In this section we compare theoretical and simulation predictions. We begin our discussion with Fig. 3 where we compare theoretical and simulation predictions for the fraction of spheres bonded k times X k and the excess internal energy E * = E/N p k B T. We consider two general cases. In case I we set ε
(1) = 7k B T and vary ε (2) and for case II we fix
Comparison of theoretical predictions (curves) and simulation results (symbols) for the fraction of molecules bonded k times X k for case I -left panel and case II -center panel. The excess internal energy for both cases is given in the right panel. Each case is at a density of ρ * = 0.6. In case I ε (1) = 7k B T and ε (2) is varied while in case II ε (2) = 7k B T and ε (1) is varied. In the right panel j = 2 for case I and j = 1 for case II.
ε (2) = 7k B T and vary ε (1) . For each case we use a density of ρ * = ρd 3 = 0.6. We begin our discussion with case I. For ε (2) = 0, there is no energetic benefit for a sphere to bond twice which results in X 2 → 0. Increasing ε (2) we see a steady increase in X 2 and the fractions X 1 and X o remain nearly constant until ε (2) ∼ 5k B T at which point they decline sharply. The excess internal energy also remains approximately constant until ε (2) ∼ 5k B T and then begins to decrease. Theory and simulation are in near perfect agreement. Now considering case II, we set the energy ε (2) and vary ε (1) . We note the opposite behavior for the fraction X 2 as compared to case I. Increasing ε (1) decreases X 2 while increasing X 1 . This behavior results from the fact that for small ε (1) the absolute value of the energy per bond is much lower for the first bond in an associated cluster than all remaining bonds in that cluster. For this reason the system minimizes X 1 . The behavior of E * is remarkable for this case. The internal energy increases with increasing ε (1) until ε (1) ∼ 7.8k B T at which point there is a maximum and E * begins to decrease. It is counter intuitive that increasing ε (1) could result in an increase in energy. Again, theory and simulation are in excellent agreement. We also performed calculations for the monomer fraction X o and excess internal energy E * using the theory of SJ; 18 these predictions coincided nearly exactly to the calculations performed with the approach presented in this work. No prescription is given by SJ for the calculation of the fractions X 1 and X 2 . Now we focus on the specific case where ε (1) = 0. For this case the monomer fraction is given by Eqs. (21) and (22) . We compare predictions of these simple equations to simulation results for the monomer fractions in Fig. 4 at densities ρ * = 0.2 and 0.6. The locations where the solid curves cross the long dashed curve are the transition points predicted by Eq. (24) . Before the transition the monomer density is given by Eq. (22), and after the transition by Eq. (21) . We also include theoretical predictions from the approach of SJ. 18 As can be seen, both simulation and SJ predict a smooth transition while the transition predicted by the current approach is sharp. This discrepancy is at the heart of the difference between our approach and the approach of SJ. In Wertheim's theory the exact non-associating limit ρ o = ρ is obtained. That is, if the association energy is zero there is no association. The exception to this rule, is for the case presented in this paper for bond cooperativity where ε (1) = 0 and the monomer density is given by Eq. (21) . The theory of SJ does not obey this non-associating limit. In their approach associated chains of spheres can exist even when all association energies are zero due to the fact that association has a purely geometric definition, meaning the exact reference equation of state is not recovered. Molecular simulation also uses this strictly geometric definition of bonding. For these reasons, both the theory of SJ and molecular simulation show a smooth transition while the current approach shows a sharp transition.
Another prediction of the current approach was that after the transition the fluid would be composed of a mixture of monomers and very long chains. The inset of Fig. 4 shows simulation results for the average chain length of associated chains (not including monomers) L as a function of ε (2) /k B T and a density ρ * = 0.2. As can be seen, after the transition L grows rapidly as ε (2) /k B T is increased. At an energy ε (2) = 9k B T the monomer fraction is found to be X o ≈ 0.1 with the fraction bonded once as X 1 ≈ 0.016 giving an average chain length of associated clusters as L ≈ 117. This shows that the fluid is primarily composed of monomers and long chains as predicted by the theory. AB . Short dashed curves give theoretical results from the theory of SJ. 18 The inset gives the simulated values of the average chain length of associated clusters (excluding monomers) versus ε (2) /k B T at ρ * = 0.2.
V. DISCUSSION AND CONCLUSIONS
We have extended Wertheim's theory to account for bond cooperativity in two site associating fluids by the development of a new perturbation theory. This was accomplished in an intuitive manner, guided by the structure of Wertheim's TPTN. The new theory was tested against Monte Carlo simulation results and was found to be accurate. For the case that the first bond of an associated cluster had zero energy ε (1) = 0, a simplified form of the theory was obtained predicting that a sharp transition existed between a fluid composed of only monomers and a fluid composed of monomers and very long chains. This transition was also observed by molecular simulation; however, the simulated transition was smooth. The discrepancy between theory and simulation is attributable to the different definitions of association.
The theory of SJ 18 was also found to be accurate. This was the first time this approach had been compared to molecular simulation. An advantage of the approach developed here is that the exact non-associating limit is obtained, while in the approach of SJ this approach is obtained approximately. That said, the two theories given nearly identical predictions when all association energies are finite.
The incorporation of bond cooperativity into Wertheim's multi-density formalism allows for the development of a variety of equations of state for fluids which exhibit bond cooperativity. For instance, extension of the current approach to include the effects of ring formation is straight forward. Rings were first considered in the context of Wertheim's theory by SJ. 26 More recently Marshall and Chapman 22, 27 developed an approach which accounts for the effect of bond angle on ring formation. Since each sphere in a ring is bonded twice, all bonds will be given Mayer functions f 
The second term in Eq. (30) gives the sum over all ring sizes and I (n) r is the ring integral which depends on bond angle and is given in Ref. 22 . For the potential parameters used in this paper 28 and the association sites in an axisymmetric location, 22 ring formation is negligible. However, if one were to decrease the bond angle between the association sites, or increase the size and range of the association sites, ring formation would become significant. Other extensions include the effects of cooperativity on double bonding between molecules, 22, 26 for the case that a single site can bond twice 29, 30 and for mixtures of molecules with spherically symmetric and anisotropic interactions. 31 Taking the logic used in this paper further, we can consider the case where the kth bond in a chain receives an energy −ε (k) and is assigned a Mayer function f 
This would be a more realistic model for HF 12 than the model considered in this paper, due to the fact that the bonding energy changes as a function of chain length beyond what is given by Eqs. (1) and (2) . Combining Eqs. (13) and (31) gives a generalized theory for bond cooperativity in chain formation for two site associating fluids.
Lastly, Kalyuzhnyi and Stell 32 developed a cluster expansion similar to Wertheim's except for the densities are defined in a way which is convenient for molecules which interact with spherically symmetric association interactions (e.g., ions). This approach has also been applied in the development of an equation of state for dipolar hard spheres 33 as well as patchy colloids with patches which bond twice. 34 It should be possible to include bond cooperativity in these theories also.
